Abstract. We discuss a procedure for synthesizing controllers for safety speci cations for hybrid systems. The procedure depends on the construction of the set of states of a continuous dynamical system that can be driven to a subset of the state space, avoiding another subset of the state space the Reach-Avoid set. We present a new characterization of the Reach-Avoid set in terms of the solution of a pair of coupled Hamilton-Jacobi partial di erential equations. We also discuss a computational algorithm for solving such partial di erential equations and demonstrate its e ectiveness on numerical examples.
Introduction
The synthesis of controllers that meet safety speci cations for discrete, continuous and hybrid systems has attracted considerable attention see 1 4 for an overview. Our work has been based on casting the problem as a two player, zero sum game, between a controller, that tries to ensure that the safety speci cation is satis ed and a disturbance that includes the nondeterminism of the system, that tries to violate the safety speci cation 5 . In 6 we proposed a procedure for systematically carrying out the controller synthesis for general hybrid systems. The procedure relies on the solution of partial di erential equations PDEs 7 , known as the Hamilton-Jacobi equations. Here, we bring the synthesis procedure one step closer to implementation, by proposing a numerical scheme for solving these partial di erential equations.
In Section 2, we brie y review the modeling formalismand the controller synthesis problem introduced in 5 . In Section 3 we review the algorithm proposed in 6 for solving the controller synthesis problem. The algorithm requires the computation of the set of states of a continuous dynamical system that can be driven to a given subset of the state space, avoiding another subset of the state ? space the Reach-Avoid set. We i n troduce a new procedure for characterizing the Reach-Avoid set, in terms of the solution to a pair of coupled HamiltonJacobi PDEs. The advantage of this new characterization over the single PDE characterization of 7 , for example is that it can deal with situations where the closures of the Reach and Avoid sets overlap, without resorting to approximation. It also remains closer to the Hamilton-Jacobi PDE arising in purely continuous pursuit evasion problems, which makes it easier to carry classical results over to the hybrid domain.
An analytical solution to the Hamilton Jacobi PDEs is likely to be impossible to obtain for most realistic examples. For the class of systems we consider the situation is additionally complicated by the fact that the initial conditions of the PDE may be non-smooth; shocks, or discontinuities in the spatial variable as the temporal variable evolves, may develop; the right hand side of the PDE may b e non-smooth, due to the optimal typically bang-bang controls; the right hand side of the PDE may be discontinuous, due to saturation e ects introduced to guarantee the monotonicity of the Reach-Avoid set. In Section 4, we present a procedure for numerically computing the Reach-Avoid set, based on the level set method of 8 . The advantage of this method is that it can systematically deal with all the technical problems highlighted above, based on the viscosity solution concept for the PDEs. A brief comparison with other techniques proposed in the literature for computing or approximating the reach set of hybrid systems is also given. We demonstrate the application of this approach to a new example from aircraft collision avoidance, developed from 9 Section 5.
Model
For a nite collection V of variables, let V denote the set of valuations of these variables, i.e. the set of all possible assignments of the variables in V . F or example, if x is a state variable taking values in R n we write X = fxg with X = R n .
By abuse of notation, we use lower case letters to denote both a variable and its valuation; the interpretation should be clear from the context. We call a variable discrete if its set of valuations is countable and continuous if it is a subset of Euclidean space. We assume the discrete topology for countable sets and the Euclidean metric topology for subsets of Euclidean space. For a topological space X and a set K X we denote by K c the complement, by K the closure, by K o the interior, and by @K = KnK the boundary of K in the topology of X. Given a set of valuations W V and a subset of the variables V 0 V we denote by Wj V 0 V 0 the restriction of W to V 0 . The interpretation is that the controls can be in uenced using a controller, i n a n attempt to guide the system, whereas the disturbances are determined by the environment and may potentially disrupt the controller's plans. An instance of the controller synthesis problem consists of a pair, H;P, of a plant h ybrid automaton and a property of that automaton. In this paper we restrict our attention to controller synthesis problems where P = 2F. The controllable and uncontrollable predecessors will be used in the discrete part of the algorithm for determining controlled invariant subsets. For the continuous part we i n troduce the Reach-Avoid operator:
Hybrid Automata
De nition 4 Reach-Avoid For two disjoint sets B X and G X, de ne the Reach-Avoid operator as:
ReachB;G = f x 0 2 X j 8 u 2 U f 9 d 2 D and t 0 such that xt 2 B and xs 6 that the control tries to push the system into G, to escape from B. H G = 0 in fx 2 X C j J B x; t 0g to ensure that the evolution of J G x; t is frozen once this set is reached. In both cases we perform the calculation in backwards time": we start the calculation at a xed nal time t = 0 and evolve backwards to a free initial time t 0.
Note that in both games, the disturbance is given the advantage by assuming that the control plays rst. In the following sequence of Lemmas, we prove that the resulting set fx 2 X C j J B x; t 0g contains neither G nor states for which there is a control which drives the system into G; and the set fx 2 X C j J G x; t 0g contains neither B nor states for which there is a disturbance which drives the system into B. W e then prove that fx 2 X C j J B x; t 0g is the set ReachB;G. Figure 1 illustrates an example.
Assume that di erentiable functions J B and J G satisfying the above partial di erential equations exist. For all t 0, let Bt = fx 2 X C j J B x; t 0g Gt = fx 2 X C j J G x; t 0g 14 Note that B = B0 and G = G0. In general, one cannot expect to solve for W using a nite computation.
The class of hybrid systems for which algorithms like the one presented here are guaranteed to terminate is known to be restricted 4 . Techniques have been proposed to resolve this problem, making use of approximation schemes to obtain estimates of the solution some are discussed in the next section. In practice, we are helped by the fact that we are usually interested in nite time computations, rather than computing for t ! , 1 or until a xed point is reached.
Another problem is the requirement that the controller resulting from our algorithm be non-Zeno does not enforce the safety requirement b y preventing time from diverging. The algorithm proposed here has no way of preventing such behavior. A practical method of resolving the Zeno problem is adding a requirement that the amount of time the system remains in each discrete state is bounded below b y a positive n umber representing, for example, the clock period of a digital computer.
Computation using Level Set Methods
In practice, the usefulness of the algorithm for hybrid controller synthesis depends on our ability to e ciently compute the optimal control and disturbance trajectories u ; d , that arise from the solution of the Hamilton-Jacobi partial di erential equations. Numerical solutions are potentially complicated by the fact that the right hand side of proposed PDEs is non-smooth, the initial data F may h a v e non-smooth boundary, u ; d may be discontinuous, and the solution may develop shocks over time. New optimal control tools 11 can make the computation of u ; d feasible, at least numerically. In this section, we discuss a numerical technique developed by Osher and Sethian which computes the correct viscosity solution to the proposed PDEs, ensuring that discontinuities are preserved. We then compare it brie y with other approximation techniques found in the literature.
A Level Set Method for Boundary Approximation
Consider the Hamilton-Jacobi equation:
, @Jx; t @t = H x; @Jx;t @x for fx 2 X C j Jx; t 0g minf0; H x; @Jx;t @x gfor fx 2 X C j Jx; t 0g , @J x; t @t = H x; @J x;t @x + J x; t for fx 2 X C j J x; t 0g minf0; H x; @J x;t @x g+ J x; t for fx 2 X C j J x; t 0g 21 with boundary condition J x; 0 = l x.
The level set methods of Osher and Sethian 8 14 provides a comprehensive survey are a set of computation schemes for propagating interfaces in which the speed of propagation is governed by a partial di erential equation. These numerical techniques compute the viscosity solution to the Hamilton-Jacobi partial di erential equation, ensuring that shocks are preserved. The methods have proved fruitful in many applications, including shape recovery problems in computer vision 15 , and plasma etching problems in micro chip fabrication 16 . The key idea of the level set method is to embed the curve or surface to be evolved, for example the n,1-dimensional boundary of the reach set, as the zero level set of a function in n-dimensional space. The advantage of this formulation is that the n-dimensional function always remains a function as long as its speed of propagation is smooth, while the n , 1-dimensional boundary may develop shocks or change topology under this evolution. The numerical methods of 14 choose the solution of 20 to be the one obtained from 21 as the viscosity coe cient vanishes. Below w e present an outline of the method for a twodimensional example.
In order for the numerical scheme to closely approximate the gradient @J x;t @x , especially at points of discontinuity, an appropriate approximation to the spatial derivative m ust be used. Consider an example in two dimensions, with X C discretized into a grid with spacing x 1 and x 2 . As before we use x = x 1 ; x 2 to denote an element o f X C . The forward di erence o p erator D +xi is de ned for x 1 The above discussion presents the very basic idea of level set methods; for special forms of the Hamilton-Jacobi equation, extremely e cient v ariants of this method exist 14 . In particular, the narrow band and fast marching methods speed up the algorithm by con ning the computation to a narrow band around the evolving front.
Other Methods
A n umber of other techniques have been proposed for numerically approximating the set of states reachable by a h ybrid system, primarily for the purpose of verifying safety properties. We review some of them below.
Polyhedral Approximations Consider a hybrid automaton with no control inputs. For each v aluation of the discrete state, the continuous dynamics of such an automaton can be captured by a di erential inclusion:
One technique for numerically approximating the set of states that can be reached by such an automaton is to partition the continuous state space into polyhedral regions e.g. rectangles and then to conservatively approximate gx in each region by a constant inclusion of the form: _ x 2 g min ; g max 28 The computation of the reach set for the approximate system can then be carried out exactly using tools developed for linear hybrid automata. In 17 it is shown that the error in approximating the set of states reachable by the true system in a bounded time interval can be made arbitrarily small by approximating the di erential inclusion arbitrarily closely. An advantage of this method is that the class of constant inclusions used to approximate the di erential inclusion is known to be decidable, thus one can guarantee that the reachable set of the approximate system can be computed in a nite number of steps. However, the amount of preprocessing required to initially approximate the dynamics may b e formidable, especially if the time horizon over which the reach set needs to be calculated is large.
A related approach is that of 18 and 19 . Here the approximation of the dynamics is not carried out a-priori over the entire space, but only locally around the boundary of the reachable set as the latter propagates in time. This could potentially lead to substantial computational savings. The class of sets generated by these techniques is again polyhedral, but no a-priori bounds are given on the accuracy of the approximation.
Approximating non-smooth sets with smooth sets We h a v e shown that the reach set at any time t 2 ,1; 0 may h a v e a non-smooth boundary due to switches in u ; d , non-smooth initial data, or the formation of shocks. The level set method scheme propagates these discontinuities, yet its implementation m a y require a very small time step to do this accurately. In 7 we present a method for over-approximating such non-smooth sets with sets for which the boundary is continuously di erentiable. Suppose that there exist di erentiable functions l i G , i = 1 ; : : : ; ksuch that for G a closed subset of X C : G = fx 2 X C j 8 i 2 f i = 1 ; : : : ; k g ; l i G x 0 g 29 Following 20,21 we de ne two smooth functions:
De ne: G = fx 2 X C j G x 0g G = fx 2 X C j G x 0g
One can show that G G G and 2 lim !0 G = lim !0 G = G. By applying Algorithm 9 to smooth inner and outer approximations of the set G, one can calculate smooth inner and outer approximations to the reach set.
A similar idea is to use ellipsoids as inner and outer approximations to the reach set 22,23 . 23 presents e cient algorithms for calculating both the minimum volume ellipsoid containing given points, and the maximum volume ellipsoid in a polyhedron, using matrix determinant maximization subject to linear matrix inequality constraints. Consider two aircraft ying in collision course on the same horizontal plane Figure 3 . To a v oid the collision the aircraft go through a coordinated avoidance maneuver: when they come within a certain distance of each other, they both start to turn to the right, following a trajectory which is a sequence of arcs of circles of xed radii, and straight lines trimmed ight segments. We assume that aircraft 1 initiates the avoidance maneuver and that the aircraft communicate and switch modes simultaneously. W e also assume that the angles of the avoid maneuver are xed, so that the straight path of mode 3 is at a ,45 angle to the straight path of mode 1, and that of mode 5 is at a 45 to that of mode 1. Also, the radius of each arc is xed at a pre-speci ed value, and the lengths of the segments in modes 3 and 5 are equal to each other, but unspeci ed. Given some uncertainty in the actions of the aircraft, we w ould like to generate the relative distance between aircraft at which the aircraft may switch safely from mode 1 to mode 2, and the minimum lengths of the segments in modes 3 and 5, to ensure that a 5 nautical mile separation is maintained.
The system can be modeled by a h ybrid automaton with seven discrete states X D = fstraight1, arc1, straight2, arc2, straight3, arc3, straight4g and four continuous states, the relative position, x r ; y r , and heading, r , of the two aircraft, and a clock v ariable, z, t o k eep track o f h o w long the aircraft have stayed in each mode. Overall, X C = R 2 0; 2 R. A discrete control input
